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Unbounded stratified flow over a vertical barrier
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The horizontal, linearly stratified, non-diffusive, high Reynolds number flow of
an unbounded fluid over a two-dimensional vertical barrier is studied for a range
of internal Froude numbers (¥;) under the Oseen and Boussinesq approximations.
For F; > 0-47 the most prominent feature of the flow is the system of large
amplitude lee waves located downstream of the barrier with crests tilted in the
upstream direction. For 0-47 < F; < 0-6 the crests actually extend upstream of
the barrier and appear as flows of alternating direction over the barrier. For
0:47 < F; < 0-5 reversed flows due to these waves actually extend far upstream.
For F; < 0-47 a blocking column upstream of the obstacle, as well as large ampli-
tude lee waves, is present. For even smaller F; the amplitude of the lee-wave
system diminishes but the blocking column remains. It is also shown that the
steady-state solution obtained by Trustrum (1964, 1971) for the density and
pressure field is drastically altered if a small viscosity is retained in the transient
analysis.

1. Introduction

Stably stratified flows over obstacles are of some geophysical interest. High
Reynolds number flows, i.e. inviscid flows, have been studied analytically in
several manners. The first approach is based upon the use of Long’s (1953)
equation, the nonlinear vorticity equation integrated along streamlines. If the
upstream flow is assumed to be linearly stratified with pU? = constant, Long’s
equation becomes linear. Owing to this fact and to the relative ease with which
these conditions are (almost) achieved in the laboratory and observed in nature,
this linear equation has been used extensively to study inviscid stratified flows
over obstacles in channels.

However, at low internal Froude numbers, disturbances can propagate far
upstream, thus negating the assumption of (almost) uniform flow there which
is required in Long’s linear model. For example, Bretherton (1967) considered
aninitial-value problem for two-dimensional flow over a cylinder in an unbounded
stratified low for F, = 0. He found blocking columns both upstream and down-
stream of the cylinder with horizontal flow above and below the cylinder.

Miles (1971) has shown, starting with Long’s equation, that reversed flow
upstream of a vertical barrier in a half-space first occurs (at z = y = 0) when
F, is lowered to 1/2-05. For a further discussion see §5.

Trustrum (1971) considered the inviscid flow past a barrier in a channel of
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finite height using the Oseen and Boussinesq approximations. The general form
of her steady-state solution was obtained in an earlier paper (Trustrum 1964)
from an inviscid transient analysis. We note here that the general solution which
we obtain in this paper from a steady slightly viscous analysis differs in form
from Trustrum’s solution.

In anearlier paper, the author (1968, 1971) considered the low Reynoldsnumber
stratified flow past a vertical barrier in an unbcunded region and found a blocking
column upstream of the cylinder, uniform flow downstream of the barrier, and
a vertical shear layer engulfing the plate.

The purpose of this work is to obtain the overall picture of the high Reynolds
number, non-diffusive, stratified flow over a vertical barrier in an unbounded
region over the range of F; of general interest. The Oseen model will be adopted.
Since reversed flows will occur for some F;, Long’s equation could not be used
and the theoretical alternative to the Oseen model is to solve the full Navier—
Stokes equations in an unbounded region. Solutions for the stream function will
be obtained upstream and downstream of the barrier and matched appropriately
across the plane of the barrier.

2. Formulation of the problem

A vertical barrier of height 2b moves horizontally with speed U through an
initially linearly stratified (p" = py(1—£2')) non-diffusive fluid. The flow as
viewed from the frame of reference of the barrier is steady and the disturbance
to uniform flow is limited by viscosity to some finite (though large) region of
space, see figure 1.

The dimensional governing equations under the Boussinesq approximation for
steady, two-dimensional, non-diffusive flow are as follows:

PV . VYU = —0p’ [0z’ + uV'2, (1a)

oV VYW = —0p'[02' — p'g+ uV'0', (16)

ou'|ox’ + ow'[oz' = 0, (1e)

or uw =o' jox, w =0y |ox (1d)
and p=p@) (Le)

Far upstream, where viscosity has eliminated the disturbance to uniform flow,
Y —— Uz and p' — p,(1— B2’). Hence,
p' = poll+(BU)Y']. (2)
We obtain the vorticity equation by cross-differentiation of (1a) and (15). We
then non-dimensionalize velocities by U, distances by b and the stream function
by Ub. We obtain
(v. V) VEF + (1/F3) 6 Jox— (1/Re) VEF = 0, (3)
where F? = U?/(gb® and Re = Ub/v. We model the convective operator with
the Oseen operator, i.e. we replace (v.V) by d/ox. We also write

=—z+, (4)
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Fieure 1. Geometry of the flow field.

and obtain

@ 1o 1
%(VWHE%—EVW = 0. (5)

The solutions we obtain to (5) show regions of reversed flow. We must then
ask how these solutions are related to the solutions of (3). We cannot answer
this question directly. The best we could dois, using the solutions we shall obtain,
compute (v.V) V3 and compare this with 8(V3)r)/ox. The computation would
show that at some points along any streamline the nonlinear operator exceeds
the linear operator in magnitude and at other points the reverse is true. Hence,
the overall effect on the streamline pattern is not clear. The best we can hope
for is that the solutions to (5) qualitatively model the solutions to (3). However,
the analytical alternative to the Oseen approach is the numerical solution of (3)
for an infinite domain, a task considerably more difficult than that undertaken
here. We now adopt equation (5) as our model and determine what it tells us.
We shall solve this equation for z > 0, since the flow is symmetric with respect
to the z axis.

The boundary conditions imposed upon yr are as follows:

>0 as |x,2] >o0; (6a)

=2 opfox=0 at z=0 for 2<1; (6b,c)

0 & 08

1:[’, ____‘S& ‘S& j

9 T Bad continuous at x = 0 for z > 1. (6d)

We shall solve (5) subject to (6) for Re — oo for a range of F,.

3. Method of solution

To solve the problem we shall proceed as follows. We first obtain the general
solution to (5) in terms of the Fourier. sine transforms of y(0,z) (¥(k)) and
oY (0, ) ox (Q(k)). The requirement that 6%)[dx? and ¢*)r/ox® be continuous across
o = 0 for z > 1 will lead to two coupled integral equations relating F(k) and G(k)
for z > 1. F(k) and G(k) will then be obtained from these equations in terms of the
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Fourier sine transforms of two functions of z, R,(z) and R,(2), which are identically
zero for z > 1. Conditions (6b) and (6¢) then lead to integral equations for the
Fourier sine transforms of R,(z) (B,(k)) and R,(z) (By(k)) on 0 < z < 1. These
equations are finally solved approximately through the use of Fourier sine series
on0 <<z 1.

Let us then begin by defining the Fourier sine transforms of the upstream and
downstream solutions for ¥, A (k, x) and Hp(k, ) respectively. Forx < 0,2 > 0

(e, z) = (%)7} f : Hy; p(k, z) sin kz dk. (Ta,b)

If we substitute these equations into (5), and then satisfy the requirement that
¥ and &y/ox be continuous across x = 0, we find

oty o(k) F(k)—G(k) G—oy, F
H k,x) = 4,2 et ®x L T BT puy b 8a,b
v.0(k:2) oty 5(k) — otg, 4 (k) Qg0 — %y, 1 ( )
The «,(k) are the four roots of

0 = a;(of — k) + (1/F3) o;— (1] Re) (oF — k?)? (8¢)

3o
and Fky = (?r) f ¥(0,2)sin kzdz, (8d)

0

2\ = oy .

G(k) = (;) fo -a—x—(O, z)sin kz dz. (8e)

The roots a, and «, are complex conjugates for 0 < kF; < 1 and have negative
real parts for all k£ which increase in magnitude monotonically with k. The roots
o, and «, are real and positive and increase monotonically with k.

Furthermore, for kF; < 1, the real parts of a,, &, and a3 go to zero as Re — 0.
For kF, > 1, &, goes to zero (for any fixed k) as Re - c0. For Re — oo for fixed £,
the roots are as follows. For 0 < kF; < 1

oy o= ti(0?—k%E, ay=0, o= Re. (9a,b,¢,d)
For kF, > 1,
=0, ayys=7 (K —a2} a,=Re, (9e,f,9,h)

where a = 1/F;. We note that «, represents a boundary layer of thickness Ke-!
just upstream of the plate. For Re finite but large, and for

0 < kF, < 1—(F,Re)7%,

_ 1 ( (kB
“= i (i) 1o

From (10), we can conclude that the upstream disturbance will decay at dis-
tances of order F2 Re.

The general solution of (8b) differs from Trustrum’s (1971) in one important
aspect. In her downstream solution, for 0 < kF; < 1, she has a component in-
dependent of x, while our downstream solution is oscillatory in « for 0 < kF; < 1.

To satisfy the requirement that ¢%)/oa? and o%)[ox® be continuous across
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z = 0, we substitute (8) into (7), differentiate with respect to z, and find that for
z2>1

f L(—agoy+aq0,) Fk) + (0t + g — 0ty — atp) G(E)]sin kz dk = 0, (11)

0

f ” [—agoy(og + ) F(k) + (0 + agory + af — o0 — oty &ty — o) Q(k)] sin kzdk = 0. (12)
0

We use the roots given in (9) in the above equations to obtain

fm {Re[—og F + G+ (oo F + (g — aty —ot) G} sinkzdk = 0, (18)
0

|, BetayF 6+ Rel - a3 T +,61+ [0 - ot~ — ) 61

x sinkzdk = 0, (14)

We now expand F(k) and G(k) as follows:
F(k)} _ 2 pen {Fn(k), (15)
G(k)) o G k), (16)

Upon substituting these expansions into (13) and (14) and equating the co-
efficients of Re! in (13) and Re? in (14), we obtain for z > 1

f:[—aaﬁ},+00]sinkzdk= 0. (17)
Equating the coefficients of Re? in (13), we obtain for z > 1
J:o [—oyFy+ G ]sinkzdk = —f: (o 0y Fy+ (ag— ot — ap) Gyl sinkzdk.  (18)
By equating the coefficients of Re! in (14), we obtain for z > 1
f: [ =y, + G, ]sin ke dl = -f: [— a2 Fy + oty Gy} sin ke dk. (19)
Equations (18) and (19) then imply that
J:O [(ayce+ad) Fy— (o, + o) Gyl sin kz dk = 0. (20)

Equations (17) and (20) are two coupled integral equations for F(k) and G(k)
for z > 1. Using the roots given in (9), the requirement that the disturbance
decays as z - 00, and dropping the zero subscripts, we obtain for z > 1

(g)% fw [G—az Flsinkzdk = 0, (21a)
T/ Jo

Nt [ ) N1 e @sinkzdk
(.&) fo [{1—2U(Ic—oc)}F]s1nkzdk—(7—T) e -0 )

where a = 1/F;. Equations (65, ¢) imply that for z < 1

(g)iwasinkzdk =z, (21¢)
7 Jo

(E)%wasinkzdk= 0. 21d)
w 0
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The solution of equations (21) constitutes the crux of our problem. The difficulty
lies in (21a, b), which we now rewrite for all z as follows:

2\% [ .
(7—7) .[o [G— oy Flsinkzdk = 2R, (2), (21a’)

2\ : Nife ¢ . '
(77) _[0 (1-20(k~a)]F sin ke dk—(;) L FEoamptinkedk = 2By(2),  (210)

where R,(2) and R,(z) are, thusfar, arbitrary functions of z which vanish identically
forz > 1.

We define the Fourier sine transforms of R,(z) and E,(z) as follows:

R, o(k) = ( ) f R, ,(z)sin kzdz. (22a,b)

We may therefore solve for F(k) and G(k) in terms of R;(k) and R,y(k) since (21)
holds for all z. We find for & < «

G(k) = 2Ry(k), F(k) = 2Ryk) (23a,b)

and for k > o
G(k) = Ry(k)— (k*— o)t By(k), (23¢)
F(k) = — Ry(k) ~ Ry(k)| (k2 — a?)t. (234d)

Substituting this into (8) with = 0, we find for z < 1

—R,(z)+ ( ) f R,(k)sin kzdk— (ﬂ) J; Ii(;,—%%z—;i—k_ 2, (24a)

1 pra 2 ro
B(z)+ (721) f R, (k)sinkzdk— (%)2f (k2 — a2yt Rysinkzdk = 0. (24b)
0

-4

Substituting (23) into (8) we find forx < 0

Y(x,z) = 2 (7—21)—_[: R,sin kzdk — (;)EJ‘ ” {Rz + & 1_222)%] ettt gin kzdk (25a)
and forx > 0

Ur(x,2) = — 2R,(2) + 2 ( ) f Rysinkzdk+2 (2)%.[: [Rz cos [(a2 ~ k2)bx]

R, sin[{a? - k)iz]] .
T sin kzdk
N[ B, 3. .
B o g—(ki—a%z
(71) f [(kz—az) -k ] sin kz dk. (25b)

The functions R,(k) and R,(k) still remain to be determined. We first write
R, 5(z) = 3 rip, o SN N2, (264a,d)
n=1
Equations (22) then imply that

R, ,(k) = (f—r)%smk > (= 1)t nm (26¢,d)

p
n=1k2"‘ (nﬂ) in,2n*
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We substitute (26) into (24) and multiply through by sin mzz and then integrate
with respect to z from zero to one. This leads to the following set of equations for
m=123,....

- % Imnrln+ % (‘“%anm"'?"]mn) Ton = (— 1)m+1/m77-, (270/)
n=1 n=1
%1 (%amn""]mn) "in— % Kmnr2n =0, (27b)
n= n=1
where
2 man @ sin2kdk
L, = ol (— 1ym+n (nr) (m")fa (k2 — o)} (B2 — (nan)?) (k2 — (mmr)?)’ (27¢)
2 . @ sin2kdk
Jpm = 7_7(— 1)m+n (mar) ('m7r)f0 T () (e — ()’ (27d)
2 . ©  (k2—oa2)isin?kdk
K,.= ;(— 1™+ (nr) (mﬂ)fa T — () (2 — () (27¢€)

To solve (27), we truncate after M terms, i.e. we assume that ry,,,r,,, = 0 for
m > M and solve (27a,b) for m = 1,2,..., M. We then substitute into (24) to
check the accuracy of our truncation. The integrals that we required were com-
puted using Simpson’s rule with varying step size on a Univac 1108. We note
that, since for large k& (where neglected viscous effects come into play) G — sin k/k,
the vertical velocity becomes unbounded as In (1 —z) as z — 1—. Furthermore,
since we are approximating 2z, B, and R, by finite sine series (6b, ¢) cannot be
satisfied for z — 1-. Hence, there will be some error in the neighbourhood of
z £ 1 on the downstream side of the barrier, but this does not prevent us from
obtaining good results elsewhere.

4. Numerical results

For the cases considered, we generally chose M = 15 or 18. This led to error
in (6b), oscillatory in z of order 2 or 39, for z < 1, well in keeping with the
qualitative description afforded, at best, by the Oseen approximation. The errors
in 0y(0,2z)/0x, 0 < z < 1 are of order 0-1 and are again oscillatory in z. This leads
to some error in the immediate vicinity of the body, but small errors elsewhere.

Infigures 2 (a)—(g), we plot the streamline pattern and the far-upstream velocity

profile
2\% [«
(1 -2 (—-) [ k cos kz R,(k) dk)
] oJo

for a number of values of F; ranging from F; = 1-0 (& = 1-0) down to F; = 0-285
(a = 3-5). We shall discuss our results by comparing wake regions, lee-wave
patterns and blocking columns.

First we shall discuss the wake region,’i.e. x > 0 and 0 < z < 1. For a = 10,
the flow is in the downstream direction with speeds about half the free-stream
value. For « = 1-7 a separated bubble has formed. For « = 2-0, 2-1 and 2-5,
the entire wake has separated and for & = 2-5 has become attached to the up-
stream blocking column. For o = 3-0 and 3-5, the wake consists of a series of
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Ficures 2 (a), (b) and (c). For legend see page 384.
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Ficure 2. Streamline pattern for (a) F, = 1-00 (o = 1-0), (b) F; = 0-588) (a = 1-7),
(¢) F, = 0-500 (& = 2:0), (d) F; = 0-476 (a = 2-1), (¢) F; = 0-400 (@ = 2-5), (f) F, = 0-333

(¢ = 3-0) and (g) F; = 0-285 (@ = 3-5).

cells of closed streamlines with some downstream mass transfer occurring near
the x axis. The amount of mass transfer diminishes as o increases from 3-0 to 3-5.

We now discuss the lee-wave pattern. The amplitude of the lee waves reaches
a maximum for o between 2:0 and 2-5. The crest lines of the waves tilt to the
left, becoming horizontal over the barrier and giving group velocities in the
upstream direction, as expected. The flow on the ‘upstream’ face of the lee
wave is in the upstream direction over the obstacle causing the flow there to
appear as reversed jets. Further the flow appears to be blocked by the lee waves
on the upstream side with negative velocities occurring far upstream of the
wave for @ = 2:0, 2:1 and 2-5. We may interpret the { = —2:7 streamline for
o = 2-1 as a lee wave which has ‘broken’ in the upstream direction. The blocking
caused by the lee waves tends to increase the upstream velocity at z = 0 for
o = 1-7, 2.0 and 2-1 before the blocking column upstream of the obstacle is
established.

A blocking column becomes established for some value of « between 2-1 and
2:5. No calculations were performed in this range as convergence quite unex-
pectedly and suddenly becomes extremely slow in this range. As « increases
above 2-5 the blocking column upstream of the obstacle remains, with the lee
waves diminishing in magnitude.

5. Discussion and comparison with earlier research

We may now consider the role of viscosity in determining our solution and
then proceed to compare our solution with previous work.

We first note that use of a large but finite Reynolds number shows that the
wavelike solution is a downstream solution, that oy = 0 for £ < o and that ; = 0
for £ > «. Second, and most important, the inclusion of viscous forces requires
that the no-slip condition be satisfied on the plate. This implies that ¢ and
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oy [ox are continuous across x = 0 for all z and leads directly to the matehing
relations of (17) and (20), with no further assumptions required. This then
eliminates the need for any ad hoc assumptions. The e, solution primarily acts
to make the vertical velocity zero at the plate. Equation (17) implies that this
boundary layer vanishes to lowest order for z > 1.

Third, a large but finite value for Re causes the perturbation to uniform flow
to vanish far upstream which implies that reversed flows either form closed cells
or S-shaped streamlines. Within closed cells the relation between p and ¢ is
indeterminate and the flow may be unstable. The flow along the upstream leg
of the S-shaped streamlines is also unstable and local breakdown to turbulence
may occur. Since the flow is statically stable outside these regions, the effects
of breakdown may be localized.

Another question remains to be answered. After all this viscous analysis, have
we not really just generated a solution to a linearized form of Long’s equation ?
We can show that this is not the case as follows. Dropping the viscous term in (5)
and integrating with respect to =, under the assumption that ¢ vanishes far
upstream, leads to the equation V%) +a%) = 0. Solutions to this equation
satisfying ¥ = z on the plate can be obtained, see Miles (1968). Upon substituting
our solution into this equation we can see that it does not satisfy the equation
and hence our solution ¢s a solution of the vorticity equation (5) but not of Long’s
equation. We return to this point later.

We now show that the solution obtained by Trustrum (1964, 1971) for the
density and pressure field is drastically altered if a small viscosity is retained
in the transient analysis. We shall merely sketch the procedure for an unbounded
flow, since the analysis is quite similar to that of Trustrum. An initially uniform,
linearly stratified flow is disturbed at ¢ = 0 by a disturbance on the plane x = 0.
We first replace (1e) by

El + Pt (28)
where the density perturbation has been non-dimensionalized with respect to
Pofb and time with respect to bj/U. The appropriate transient terms are also
added to (1a, b). We then take the Laplace transform of the resulting transient
equations and, following Trustrum, seek solutions of the form

plx,z,8) = R(i’ $) sin kz ek 9%, (29a)

Uz, z,8) = ?ﬂ;ﬁ_) sin kz ex%. 9z, (295)
where s is the Laplace transform variable (Res > 0). Equation (28) leads to
o
= ) 30
R(k,s) = == /(k,s). (30)

If a(k, 0) does not vanish, then, in the steady state, (30) implies that
p(x,2) = Y(x,2).

25 FLM 58
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The transient analogue of (8¢) leads to an algebraic equation for a(k,s). With
Re—! = 0 in that equation, Trustrum finds two solutions for & which go to zero
with s. First, for small s, ¢ = a_ = — F; ks[(1+ F; k). For this downstream solution
p_tk,2) = — F;kfr_(k, 0)sin kz. This is the additional downstream solution, men-
tioned earlier, obtained by Trustrum and is associated with the coefficients B,
in the latter paper. For Re™ % Oand s < k*/Re the transient equation shows that

a_~ —s+sF7%(sRe[k?).

This implies that for small s

KPRy _(k,s)
p-k,8) = ===

For the density perturbation to remain finite in the steady state yr_(k, 0) = 0.
This additional downstream solution corresponds to an arbitrary p_(z) and p_(z)
with no associated velocity field in the steady state. Thus B,, should be set equal
to zero in equation (2.2) of Trustrum (1971). With Re~! = 0, the second solution
for & which goes to zero with s is, for small s, a, = F;ks/(1— F;k). The corre-
sponding density field has p, (k, z) = F; ki, (k, 0) sin kz. This is an upstream solu-
tion for kF, < 1, and a downstream solution for kF; > 1. We can identify this
root with our oy for kF; < 1 and with a, for kF; > 1 if Re ! = 0. However, if
Re1 £ 0, werecall that ay (kF;, < 1) and a, (kF; > 1) are of O(Re™!). If Re~1 % 0,
the transient equation for o, shows that for small s
o, = %%+sgn(1—ﬂk)g—%,

where g(k) > 0. This solution, therefore, does not vanish with s which implies that
for this solution p (k,z) = ¥, (k, 0)sinkz (p,(2) = 1, (z)). Thus, the relation be-
tween the density (or pressure) field and the stream function is drastically altered
if Re1 + 0. In equations (2.3) and (2.4) of Trustrum (1971) we should replace
C, with (k/n)C,. Since the matching conditions were partially formulated in
terms of the density and pressure fields, the numerical results of that paper are
questionable. We have now shown that for all but the B, solution the density
perturbation equals the stream function perturbation. Requiring that the total
stream function and density be continuous above the plate implies that p_(z) = 0
for z > 1. Thus the additional B, solution is apparently only necessary if some
condition on the density field is specified on the plate which is inconsistent with
p = Y. Thus, case B considered by Trustrum, with C, - (k/n)C,, is analogous
to the problem considered here, and the matching conditions can also be shown
to be analogous.

The second study we shall consider is that of Miles (1968, 1971). As a part of
the earlier paper, Miles considers stratified flow over a vertical barrier in a half-
space. Using Long’s equation with the displacement function as the dependent
variable, he first transforms from rectangular to elliptic co-ordinates and then
obtains the solution in terms of a series of products of Mathieu functions. He
then computes the drag coefficient of the barrier, and notes that reversed flow
occurs in the lee-wave field for « > 1-73, which possibly limits the applicability
of Long’s equation. He does not compute streamline patterns for various c.
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Our calculations show some slight reversed flow in the lee-wave field. In his
latter paper, Miles notes that reversed flow at the upstream stagnation point
(0-,0) occurs for & > 2-05, while we concluded that this occurs for o > 2-10.
We note that our calculations show upstream reversed flow ‘induced’ by the
lee-wave field, near z = 2, for o > 2-0. Since Miles has calculated no streamline
pattern we cannot make any further comparisons. As we have shown, our solution
is not a solution of Long’s equation but may be regarded as an alternative to
Miles’ solutions. The reason for this is as follows. Miles solution to Long’s equation
follows directly from the integration of the vorticity equation along streamlines
with the function of integration evaluated far upstream under the assumption of
undisturbed flow in thatregion. The inviscid limit of our solutionreflects, although
in linearized form, the integration of the vorticity equation along streamlines
with the function of integration evaluated in the plane of the plate and de-
termined by boundary and matching conditions applied there. This procedure is
more reasonable on physical grounds since the presence of the plate does de-
termine the nature of the disturbance. Further, there is no theoretical reason
for the functions of integration to coincide. Our results, however, do show that
for & < 1-7 there is relatively little upstream disturbance, and so there should be
reasonable agreement between Miles’s results and those obtained here.

6. Conclusions

We have obtained the predictions of the Oseen model for a range of internal
Froude numbers and have noted that, at best, they might yield a qualitative
picture of the actual flow field.

We note that an analogy exists, under certain conditions, between two-
dimensional stratified flows and the horizontal flow of a homogeneous fluid over
a flat bottom in the ‘beta plane’, see Martin (1966). The analogy with the
solutions obtained here is as follows. An eastwards homogeneous current of speed
U flows over a flat bottom towards a narrow trench or ridge of width 2b running
in the north—south direction. The rapid change of depth would tend to cause the
current to flow around rather than across the trench. The trench then is the
analogue of the plate with a? = b*U-1df/dy. Our solutions might then apply to
an oceanic problem.

The author acknowledges the support of the National Science Foundation
under grant GA 31889 during the period in which this research was carried out.
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